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Prediction of the High-Reynolds-Number Flow
over a Two-Dimensional Bump
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Large eddy simulation (LES) has been applied to prediction of the high-Reynolds-number boundary layer
flowing over a bump. Approximate boundary conditions were used in the LES to model the wall layer in which

~ the instantaneous wall stress is correlated with the velocity at the first layer of grid points. Two formulations of

the approximate boundary conditions were employed. In the first formulation, a constrained relation was used in
which the mean wall shear stress is specified a priori either from experimental measurements or from a separate
solution of the Reynolds-averaged Navier—Stokes (RANS) equations. In the second formulation, an unconstrained
relation, which is based on an instantaneous power-law velocity profile, was used. Calculations were also performed
in which the wall stress was computed directly, i.e., as if the near-wall flow were resolved. In the region resolved by
the LES, the strong distortions of the mean flow, streamwise fluctuations, and turbulent shear stress are reasonably
well predicted, and the relatively rapid recovery downstream of the trailing edge is also captured. However, neither
LES nor RANS reproduces the plateau in skin friction measured upstream of the bump summit (attributed to
early relaminarization in the experiments). LES predictions of the mean flow and turbulence intensities using the
dynamic eddy viscosity model are relatively insensitive to the particular formulation of approximate boundary
conditions. However, in calculations without a subgrid model, LES predictions exhibit large errors compared to

experiments, and the quantitative levels of such errors are also sensitive to the choice of wall-layer model.

I. Introduction

ARGE eddy simulation (LES) is a predictive technique that
has undergone significant advancement. One of the principal
improvements in advancing LES as a viable means for the predic-
tion of complex turbulent flows has been development of dynamic
subgrid-scale (SGS) models.! Dynamic models have been applied in
anumber of flows, yielding satisfactory predictions compared to ex-
periments or results from direct simulations.!~!! Because of the high
computational cost required to adequately resolve near-wall struc-
tures when no-slip boundary conditions are applied, the majority of
previous calculations have been restricted to flows at low to moderate
Reynolds numbers. Consequently, LES of high-Reynolds-number,
complex flows is an area currently under intensive development. -3
One of the key issues that must be addressed in applying LES to
high-Reynolds-number flows is the treatment of the boundary con-
ditions on solid surfaces. Although the cost of Reynolds-averaged
computations is not strongly dependent on the Reynolds number,
the need to adequately resolve near-wall structures in boundary lay-
ers imposes an increasingly stringent computational cost in LES,
e.g., resolution requirements in the viscous sublayer grow almost
quadratically with Reynolds number.!* One approach to circum-
venting the restriction to moderate Reynolds numbers is through
the use of wall-layer models. In this approach, rather than applying
no-slip boundary conditions on the velocity, the effect of the wall is
indirectly imposed on the LES through the instantaneous wall shear
stress. The wall stress is in turn supplied by a set of approximate
boundary conditions.

Current approximate boundary conditions are based on the as-
sumption that there is a weak interaction between the modeled near-
wall layer and the resolved outer region. The near-wall flow can then
be interpreted as a Stokes layer driven by the outer core flow. The
coupling between the wall model and LES under this assumption
then occurs locally via the velocity or pressure gradient inside the
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flow at the first layer of LES grid points nearest the wall. Simple
boundary conditions can be derived for equilibrium flows by further
assuming that the dynamics of the near-wall layer are universal and
that the velocity obeys a prescribed log or power law.!>-16 More
sophisticated approaches do not require that the near-wall velocity
satisfy a given profile but still require weak interaction between the
wall region and outer part of the boundary layer. An equilibrium
assumption is also introduced, and a reduced set (boundary layer)
of equations is solved to calculate the wall stress.'?!* Equilibrium-
based wall-layer models have yielded accurate predictions in fully
developed flows, e.g., between plane channels or in a square duct.

Measurements in many complex flows show that universal, e.g.,
log-law, velocity profiles may not exist.!” Further, in boundary lay-
ers approaching separation, boundary conditions that require wall-
normal distance in terms of wall units, as in the log law, can become
singular. Extension of LES to the high Reynolds numbers of engi-
neering interest will likely require improvements of existing meth-
ods or the development of new wall-layer models altogether. Anim-
portant step toward developing improved treatments of the wall layer
is the evaluation of existing approaches in complex nonequilibrium
flows. Therefore, the primary objective of this study is the evaluation
of some existing approaches in a nontrivial complex boundary layer
and the establishment of an important baseline on which further
improvements can be made.

As discussed in greater detail in Sec. IL.B, an alternative to pre-
scribing a log- or power-law profile as part of the wall-layer model
can be based on an a priori prescription of the mean wall shear
stress in formulation of the approximate boundary conditions. The
mean stress is obtained using either experimental measurements or
a separate Reynolds-averaged Navier—Stokes (RANS) calculation.
The drawback of this approach, of course, is that the calculation
requires input of this important quantity and that the LES itself
does not predict the mean friction. In addition, for cases in which
the skin friction is provided via a separate mean-flow calculation,
a reliable RANS model is needed. In this regard, recent progress
has been reported concerning several aspects of Reynolds-averaged
models.’#=?2 Relevant to this work is the v>~f model developed
by Durbin.? The model is an appropriate candidate for prescribing
the mean friction in an approximate boundary condition for LES be-
cause it does not require the use of ad hoc damping functions near the
wall, and previous applications have yielded reasonable predictions
of a range of flows.”*~25 Thus, although the mean friction is not
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Fig. 1b Bump dimensions; D, E, F, and G tangent points; upstream
concave surface 0 <x/L, <1/12; convex surface 1/12<x/L.<11/12; and
downstream concave surface 11/12<x/L.<1.

predicted, the incorporation of an external prescription of the mean
wall stress into the LES does permit one to examine the behavior of
the computation away from the wall (resolved by the LES) and to
gain some insight into the sensitivity of LES predictions to various
prescriptions of the wall shear.

The particular flow considered in this work is the turbulent bound-
ary layer flowing over a bump. The bump is formed by a prolonged
convex surface with two additional short concave regions fore and
aft (Fig. 1). A canonical zero-pressure-gradient boundary layer at
a momentum thickness Reynolds number Reg s = 4030 is intro-
duced one-third chord length upstream of the onset of curvature.
(The ref subscript is used throughout to denote quantities measured
at the inflow location.) The boundary layer then experiences three
sign changes in streamwise pressure gradient and four sign changes
in surface curvature. The particular configuration shown in Fig. 1
is considered because the boundary-layer properties have been re-
ported by Webster et al.!” and provide a means for evaluating sim-
ulation results.

LES calculations and experimental measurements at lower
Reynolds numbers have shown that, corresponding to the abrupt
changes in pressure gradient and surface curvature near the lead-
ing and trailing edges of the bump, the boundary layer forms two
internal layers within which shear generation and dissipation of tur-
bulence kinetic energy are nearly balanced and are large compared
with those in other parts of the flow.!!'!7 Boundary-layer properties
exhibit a strong departure from equilibrium over the rear surface of
the bump (downstream of the summit) and are significantly different
from their profiles upstream of the summit. An interesting feature
of the flow is that along the trailing flat plate both the mean flow and
turbulence quantities exhibit a relatively rapid return to equilibrium.
Each of these features provides a significant challenge to predictive
methods. In this study, LES predictions using existing equilibrium-
based, wall-layer models are evaluated at higher Reynolds numbers
than considered in previous work. As described in greater detail
in Sec. II.B, the mean wall shear is input to some of the approxi-
mate boundary conditions using the experimental measurements of
Webster et al.!7 or from a v>—f RANS computation. Whereas the
main purpose of the auxiliary RANS calculation is to provide the
mean wall shear for the approximate boundary condition in the LES,
it is also of interest to compare RANS predictions of the flowfield
to the experimental data. Therefore, a complete overview of both
the LES and RANS is provided in the next section. Comparisons of
simulation results with the experimental measurements and evalua-

tions of the approximate boundary conditions are given in Sec. III,
followed by a summary and conclusions in Sec. IV.

II. Background
A. Simulation Overview for RANS
Time or ensemble averaging the equations of mass and momen-
tum conservation yields the RANS equations

div(u) =0 1)

lu) + div[(u)(u)] = —grad(p) + div{(—l— + v,)[grad(u)
at Re

+ (grad(u))”] } @

A gradient transport hypothesis has been used to close the Reynolds
stress, where v, is the turbulent eddy viscosity (the 7 superscript
denotes the transpose). In Eqgs. (1) and (2), () is the mean ve-
locity vector whose Cartesian components are ({x), (v)). In the
RANS calculation the full form of Eq. (2) is solved for both the
(u) and (v) components, i.e., the boundary-layer approximation is
not made. Thus, important variations in the flow, e.g., the pressure
gradient in the wall-normal direction, are not neglected. Velocities
in Egs. (1) and (2) are normalized by the inflow freestream value
Upr and lengths by the bump height 4, and Re = U,ch/v, where v
is the kinematic viscosity. The turbulent eddy viscosity v, is

v = C, (V)T 3)

where T is the timescale defined as

3
T = max [56(3) ] 4)
€ &

The turbulence kinetic energy K, dissipation rate ¢, and wall-normal
fluctuations (v'?) appearing in Eqgs. (3) and (4) are obtained through
the following transport equations?3:

K vkl =P e+ div{ (-1— + —”‘—)grad K} )
ot Re og

de . _ Celp — Cge . 1 Vr
m + div[(u)e] = T + le{ (7@ + U—g)grads} 6)

”
4 a0 = K~ 005

+div{ (-1— + i) grad(v’z)} %
Re = oy

where f,; appearing in Eq. (7) is evaluated from

0fn _ 2/3 - (v)/K P
Tl (1 Cl)——————T + CZ‘E
— fo + C}I*div(grad f2) (®

Note the use of a pseudotime-derivative term in Eq. (8) so that the
transport equations possess the same structure for numerical con-
venience, i.e., the left-hand side of Eq. (8) vanishes at convergence.
The rate of turbulence kinetic energy production and the length scale
[ are given by

P = v,[grad(u) + (grad(u))” |grad(u)

1
K3 w3\ 2
2 _ 2
l —max[sz,Q(s) :|

Model constants appearing in Egs. (3-9) are the same as those in
Ref. 23, i.e.,

®

C, =0.19, C. =134+ 025/[1+ (n/2D)**, Cyp=19
Ci =14, C, =03, CL =03
C3 =10, ox = 1.0, o, =13

The origin of the streamwise coordinate x is at the onset of cur-
vature (Fig. 1). The bump chord/height ratio (L./ k) is 15.2:1. The
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height of the computational domain is 2/3L. measured from the
flat plate (y = 0). The length of the upstream and downstream flat
plates are 1/3L. and 2/3L,, respectively. A streamline-normal co-
ordinate system (s, n) was also used with the n-axis perpendicular
to the lower surface (Fig. 1).

No-slip conditions were applied on the wall for the velocity com-
ponents. For K, &, (1), and f5,, the boundary conditions on solid
surfaces are

2vK, _,
Ko=0, g =>"520 (10)
nZo
, —2012(v"%),, _,
(W20 =0,  fapy = 22 Wm0 1)
n—-»()gw

At the inflow boundary, the mean velocity, turbulence kinetic
energy, and wall-normal fluctuations were prescribed through inter-
polation of the experimental measurements of Webster et al.'” To
obtain the profiles of ¢ and f, at the inlet, a separate precomputa-
tion of a flat plate boundary layer at Re, = 4030 was performed.
In the precomputation, only the values of ¢ and f5, were allowed
to fluctuate, whereas all other quantities were fixed to their inter-
polated profiles. At the exit plane, a convective boundary condition
was used together with a correction on the streamwise velocity to
ensure global mass conservation.?® Streamwise derivatives of K,
&, (v), and f,, were assumed to be zero at the exit. Over the top
surface of the computational domain d{u)/dy =0, (v) =0 were ap-
plied, whereas the derivatives of K, ¢, (v?), and f, along the y
direction were assumed to be zero.

The numerical method used to solve the momentum and continu-
ity equations (1) and (2) is the fractional step method in generalized
coordinates.?”+?® The computational domain is transformed from the
Cartesian (x, y, z) system to a body-fitted curvilinear nonorthogo-
nal system (&, 7, z), where £ is the streamwise coordinate and 7 is
the coordinate normal to the flat plate. The dependent variable is
transformed from (u) to a volume flux vector using area vectors.
Transport equations for X, ¢, (v'?), and f», were solved using suc-
cessive overrelaxation. At each time step, Egs. (5) and (6) and (7)
and (8) were iterated sequentially as two coupled systems until the
maximum residuals were reduced to machine zero.

The grids were constructed so that the coordinate lines of constant
& were perpendicular to the flat plate y = 0 and top surface of the
computational domain. The grids were stretched only along the y
direction. The grid size used in the RANS calculation was 181 x 101.
Based on the friction velocity at the inlet, this corresponds to a spatial
resolution Ax* = 180. The first grid point normal to the wall was
within one wall unit.

Using the inlet profile as the initial condition, the system of Egs.
(1) and (2) and (5-8) was advanced to steady state. The flow was
considered converged when the following criteria were satisfied:

max { |(u)(xv Y t) - (u)(xa y,t— loarcf/Uraf)l } < 10_5 (12)
Uref

max { {v)(x,y, 1) = (v)(x, y,t — lo‘srcf/Uref)l} <10 (13)
Uref

max { K, y,0)— K(Jz}zyy - 103rer/Urer)|} <106 (14)
ref

U2

ref

n (2 _
max{l(v Yo, y, ) — (W) (x, y,t loaref/Uref)l} <10 (15)

B. Simulation Overview for LES

In LES, mass and momentum conservation is enforced for the
large-scale resolved variables, which are obtained by filtering the
Navier—Stokes equations

divii = 0 (16)

ou o _
— +div(ai) = —grad p
at

+ div{ (é + ngs) [grada + (gradﬁ)T]}'+ &, )

where vggs is the SGS eddy viscosity. In Egs. (16) and (17) an over-
bar denotes the filtered variable. The term &, appearing in Eq. (17)
is the commutation error because, in general, the filtering operation
does not commute with differentiation. As shown in Ref. 29, the
commutation error is second order in the filter width. For calculation
of spatial derivatives using approximations that are second-order ac-
curate, as in the present work, filtering can be assumed to commute
with differentiation (see Ref. 29 for further discussion).
The eddy viscosity in Eq. (17) is expressed as*

vsgs = CA%|S], S = [grad &t + (gradin)7]/2 (18)

Following Germano et al.,! a second filter, the test filter (denoted
using *), is used to derive an expression for the model coefficient C
1 L.:M:;
C=-—-"4 (19)
where

My = A*|S|S; — AXSISy, Ly =iy — ity (20)
where the least-squares approach of Lilly*’ has been used to ob-
tain Eq. (19). The filter widths at the subgrid and subtest levels are
denoted by A and A, respectively.

In the results presented in this paper, the model coefficient is cal-
culated by averaging the numerator and denominator in Eq. (19)
over the homogeneous spanwise direction to eliminate numerical
instabilities arising from small values of the denominator. There-
fore, the coefficient C is time dependent and a function of the two
inhomogeneous coordinates. A clipping function was used to ensure
nonnegative values of C following the spanwise averaging applied
to Eq. (19). The test filtering operation was performed in physi-
cal space on the coordinate plane n = const using a top-hat filter
of width equal to two mesh spacings. Test filtering was performed
numerically by applying Simpson’s rule of integration.

In the LES, a time-dependent velocity field at the inflow bound-
ary was obtained through a separate precalculation of a canonical
flat plate boundary layer over a continuous momentum thickness
Reynolds number range 3900 < Rey < 4500. The method used
for generating the time-dependent turbulent inflow condition is a
modification of the multiple scale analysis of Spalart.3! The stream-
wise length of the domain for the precomputation is 158, The
grid resolution and other dimensions are the same as those in the
bump simulation (see Refs. 32 and 33 for further discussion). Af-
ter a statistically steady state had been achieved, the three velocity
components at a streamwise station Rey = 4030 were stored for
3006,es/ Urer at atime step dt = 0.018,¢/ U,er and were subsequently
fed to the inlet (x/L. = —1/3) of the spatially developing bump
flow simulation. As in the experiments of Webster et al.,'” the inlet
boundary-layer thickness 8.t = 1.54. Boundary conditions applied
on the top and exit planes were essentially similar to those described
in Sec. II. A for the RANS calculation. Periodic boundary conditions
were applied in the spanwise direction, which has a width of L. /5.

Theregion0 < y}; < 25 was modeled using approximate bound-
ary conditions in which the instantaneous wall shear stress is corre-
lated with the LES velocity near the wall, i.e., at the first layer of grid
points away from the wall.!**'® Two formulations for computing the
instantaneous wall stress in the streamwise, 7 ,,, and spanwise, T, y,,
directions are used; these calculations are subsequently referred to
as LES1 and LES2.

In LES1, a simple relation is used in which the instantaneous wall
stress is constrained through prescription of the mean value, i.e.,
ﬁ‘\',Z(xv Yy, Z’t) ﬁz.Z(xa Yy, Z,f)
(IZ,»J)(X, y, ) (":.\'.u))y Tow =V P (21)

Ty =

where subscripts s and z denote corresponding streamwise and span-
wise components in the wall-normal coordinate system shown in
Fig. 1. Subscript 2 refers to the first layer of pressure grid points
away from the wall. Note that the application of Eq. (21) requires
specification of the mean stress (t;,). In LES1, (t,,) was pre-
scribed through interpolation of the experimental data of Webster et
al."? To examine the sensitivity of LES predictions to the specific
prescription of (t ,,), a simulation was also performed in which
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the mean shear was obtained from the RANS predictions described
in the preceding section. This second calculation is referred to as
LESIR in Sec. II. Finally, note that the mean velocity (i) (x, y, f)
appearing in Eq. (21) is obtained by spanwise averaging at each time
step during the computation. In LES2, an unconstrained formulation
was used, i.e., approximate boundary conditions were implemented
in which the mean skin friction is predicted in the LES. The specific
wall model used in LES2 is that from Werner and Wengle.?* In this
approach, the local and time-dependent, near-wall velocity profile
is fit to a power-law profile, i.e.,

Tsw = VM if I’zs,ZI < LAZ/(I—B), A = 8.3, B = %
ny 4?12
- 1+B
_ U2 1- BA(1+B)/(1—B) v
2t 2| 2 2n,
B 2/(1+B)
1+ B _ .
+ 1+58 L) 1729 otherwise 22)
A 2"2

Note that, by construction, LES1 (and LES1R) using Eq. (21) do
not yield a direct prediction of the mean skin friction because this
quantity is prescribed a priori using experimental measurements
or RANS results. The instantaneous wall stress is constrained by
the prescribed mean value as well as through the mean velocity
near the wall. The variation in the shear stress occurs through the
instantaneous LES velocity along the first layer of grid points. The
advantage of this approach is that it circumvents the need to assume
that the near-wall flow satisfies an equilibrium profile. Because of
the need to specify the mean wall stress, LES predictions using
Eq. (21) are not fully predictive. However, calculations using the
approximate boundary conditions (21) are useful for examining the
sensitivity of LES predictions to prescription of the mean wall shear.
Compared to the constrained formulation, Eq. (22) used in LES2
does not require prescription of the mean wall shear stress and does
permit an independent calculation of the skin friction. Prediction
of the mean friction is achieved at the expense of assuming the
existence of an instantaneous power-law velocity profile. Note also
that the boundary condition (22) is unconstrained in the sense that
the instantaneous shear stress is more strongly dependent on the
instantaneous velocity along the first layer of grid points than in
Eq. (21). Errors in prediction of the near-wall LES velocity should
in turn be expected to have a larger adverse effect on simulations
performed using Eq. (22) as compared to Eq. (21).

For both formulations, i.e., LES1 and LES2, an additional set
of simulations were performed in which no subgrid model was
employed. Previous work at moderate Reynolds numbers has shown
that the overall effect of the SGS model is not large. Calculations
with and without the subgrid model in the flow over the bump will
help clarify the role of the SGS model at higher Reynolds numbers.
The calculations without the subgrid model corresponding to LES1
and LES2 are referred to in the next section as LES 1no and LES2no,
respectively. Finally, to further test the sensitivity of LES predictions
to perturbations in the approximate boundary conditions, a calcula-
tion, referred to as LES3, was undertaken in which the instantaneous
wall shear stress is evaluated directly from the LES velocity gradi-
ent, i.e., as if the near-wall flow had been directly resolved:

ﬁ.\',Z(x, Y, 2, t)

Tyw = s

S 110 I L) R
ny na
The application of Eq. (23) is equivalent to the application of a
strong perturbation to the wall-layer model and provides a gauge
of LES performance under an apparently erroneous approximate
boundary condition. Animportant distinction between LES3 and the
other LES calculations is that the approximate boundary conditions
used in LES1, LES1R, and LES2, although requiring considerable
empiricisim, do not suffer from the same type of error as Eq. (23).
The numerical methodology adopted to solve the momentum and
continuity equations (16) and (17) is the same as that described in
Sec. I.A. The results were obtained using a grid of 361 x 51 x 33 in
the streamwise, wall-normal, and spanwise directions, respectively.
Based on the friction velocity at the inlet, this corresponds to a spatial

resolution of Ax* = 90, Ay}, > 25, and Az* = 70. Using the
inlet profile at ¢+ = 0 as the initial condition, the flow was allowed
to evolve for 1008¢/ Uy at a time step df = 0.018e¢/ Urer, and
statistics were then collected for a period of 20068,e¢/ Ues-

III. Results

The surface static pressure coefficient Cpy, [=((Pw) — (Puw.ref))/
%Ufef] is compared with the experimental measurements of Webster
etal.'” inFig. 2a. Figure 2a shows that the streamwise pressure gradi-
ent undergoes quasistep changes near the bump leading and trailing
edge, where surface curvature also changes sign. The combination
of perturbations in both pressure gradient and curvature is a com-
mon feature for boundary layers developing over streamlined bod-
ies and substantially complicates downstream development.!?-3%:36
Compared with experiments, the RANS prediction of C,, is ac-
curate, with a maximum error less than 5%|C ., Imax. Note that the
upper computational boundary is the same distance from the lower
test surface as the upper wall in the experiments of Webster et al.!’?
No-slip boundary conditions on the upper computational boundary,
however, were not applied in the calculations (see Sec. I1.A). Durbin
performed an independent v?>~f calculation using the same (two-
dimensional) geometry as in the experiment and in which the no-slip
boundary condition on the upper wall was also applied, obtaining a
similar pressure coefficient as in the present RANS prediction.

Figure 2a shows that LES2 predictions of C,,,, are accurate down-
stream of the bump leading edge (x/L. > 0), with a similar error
as in the RANS calculation. At the leading edge, Fig. 2a also shows
that Cp,, is overpredicted in LES2. The upper-wall boundary con-
ditions used in the RANS and LES were essentially the same, and
the overprediction in the LES is unlikely the effect of the boundary
conditions. Errors from boundary conditions would manifest them-
selves throughout the domain rather than in isolated regions of the
flow. The slight overprediction near x = 0 occurs at least partly
because in the LES the near-wall flow is not resolved. The pressure
used for the calculation of Cp,, is that along the first layer of grid
points nearest, but not at, the wall. Correcting for the wall-normal
variation would presumably improve the agreement, especially in
the region of adverse pressure gradient near the leading edge. For fur-
ther discussion of issues related to the prediction of quantities such
as the pressure coefficient, see Ref. 37. Finally, Fig. 2a also shows
that LES predictions using the approximate boundary conditions
(21) (LES1 and LES1R) are very similar to that from LES2 except

0.757
o Webster et al. 17
0.50- ---- LES1, e LESIR, + LES1no
: —— LES2, x LES2no, A LES3
—.—RANS
0.257
& 000]
®)
-0.257
-0.501
-0.75 T T T ]
a) 0.5 0.0 0.5 1.0 1.5
1.27
101 o Webster et al. V7
LES2, A LES3
0.81 —-— RANS
-
Q
-0.2 T r T —_
-0.5 0.0 0.5 1.0 1.5
b) z/Le

Fig. 2 Wall-static pressure coefficient and skin-friction coefficient:
a) Cpy and b) Cy.
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near the summit. Without the SGS model (LES1no and LES2no),
there is a relatively small effect on C,,,,, with a slight overprediction
at the summit and trailing edge.

Skin friction from the calculations are compared to those of
Webster et al.'? in Fig. 2b. The RANS prediction is accurate up-
stream of the leading edge and downstream of x/L. = 0.7. Com-
pared to the measurements, the maximum error in these two regions
is less than 5%C f,;ac. Near the bump summit, 0.2 < x/L. < 0.7,
the skin-friction coefficient is less accurate. The dip/plateau in the
experimental data upstream of the summit was attributed by Webster
et al.'” to the early stages of relaminarization. Figure 2b shows rel-
atively large differences between the RANS calculation and mea-
surements near the summit, showing the effects of possible relam-
inarization on the skin friction are not captured. Downstream of
the trailing edge, the relatively rapid recovery of the skin friction is
accurately captured by the RANS.

One possible explanation for the discrepancy between measure-
ments and simulations in the prediction of C; is due to the onset
of three-dimensional effects, a subject of several studies in curved
flows. Bandyopadhyay and Ahmed*® acquired measurements in an
S-shaped wind tunnel showing that spanwise nonuniformities in
concave regions are correlated with the Gortler instability and that
the growth of a corner vortex is accompanied by an increasing span-
wise nonuniformity in the skin friction. Webster et al.!” obtained
measurements at various spanwise locations and verified spanwise
uniformity. Based on the discussion in Ref. 17, the errorin the RANS
prediction of C s is most likely due to the inability of the model to re-
produce effects of boundary-layer relaminarization near the summit
rather than due to the error in C},, or three dimensionality.

Figure 2b shows that the skin friction predicted in LES2 using
the power-law approximate boundary condition (22) is in relatively
poor agreement with measurements. As in the RANS calculation,
the plateau upstream of the bump summit is not captured. Along
the surface of the bump downstream of the summit in the region
of strong adverse pressure gradient, the skin friction is reason-
ably well predicted, an interesting result considering the crude na-
ture of the boundary condition. In the recovery region downstream

1.27

10 z/L.=-1/3
Rep = 4030

(@)/Ue

0.21 7

0.0 T T T d
a) 107 107 10" 10° 10'

1.27

1.01

0.0 e rrem r—r—rrrrrm
10° 107 10" 10° 10!

b) y/ 6U=

of the trailing edge, however, the wall-layer model (22) yields a
slower recovery than measured. These features are one illustration
of the shortcomings of current equilibrium-based wall-layer models
when applied to prediction of strongly distorted boundary layers and
should not be unexpected. These results further underscore the need
for more accurate near-wall models. Nevertheless, it should be kept
in mind that the wall shear stress calculated using Eq. (22) merely
serves the purpose of closing the approximate boundary condition
for the LES away from the wall (y}; > 25). As will be shown in
Figs. 3-7, the predicted mean velocity and second-order statistics in
the flow away from the wall are relatively insensitive to the specific
distribution of the wall shear stress appearing in the approximate
boundary conditions and are also in reasonably good agreement
with measurements. Figure 2b also shows the skin friction obtained
in LES3 using the relation (23), which assumes that the near-wall
region is resolved. As expected, C is substantially lower than the
experimental values except near the trailing edge, where the flow
is on the verge of separation. Note that such a strong perturbation
does not have a measurable effect on C,,, (cf. Fig. 2a), indicating
that C,,, is determined primarily by the overall flow configuration.
Profiles of the mean horizontal velocity (i) at four streamwise
locations are compared with the experimental measurements of
Webster et al.!” in Fig. 3. The first station (x/L. = —1/3) is at
the inflow boundary, and the next three stations are on the down-
stream side of the bump. (Aside from the inlet, no measurements
were made upstream of the bump summit.) The velocity profiles are
normalized by the local edge velocity U,, which is defined as the
maximum along each vertical traverse.!” The vertical coordinate is
normalized by the corresponding boundary thickness 8y, . At the in-
flow boundary, the LES precomputation used to generate the inflow
signal yields a mean profile in very good agreement with the mea-
surements. As mentioned in Sec. I A, inflow profiles in the RANS
calculation were prescribed from the measurements. Over the entire
downstream side of the bump, the agreement between LES predic-
tions and experiments is excellent, indicating that, in the region re-
solved by the LES, i.e., y}; > 25, the simulation accurately captures
the strong departure and return to equilibrium in the mean flow.
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0.0 T . o .
10°? 107 10" 10° 10'
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Fig. 3 Mean velocity (&#)/U,: O, Webster et al.!”; ———, LES1; - - - -, LESIR; +, LESIno; —, LES2; x, LES2no; A, LES3; and — - —, RANS.
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It is further interesting to note that the small differences among
LESI1, LESIR, and LES2 predictions indicate that the mean ve-
locity away from the wall is relatively insensitive to prescription
of the wall shear stress from the approximate boundary condition.
Previous work in similar flows has shown that the boundary layer
outside a thin inner equilibrium region (roughly one to two momen-
tum thicknesses) is driven by the outer irrotational flow.3® The outer
irrotational flow is dictated by the streamwise pressure gradient and
curvature, which in turn are determined by the overall flow config-
uration. Thus, the assumption of weak inner/outer layer interaction
discussed in Sec. I is approximately valid in the present flow over the
bump. Consequently, one might expect a priori that the outer flow
resolved in the LES should not be particularly sensitive to details of
the inner region, consistent with the results in Fig. 3. Another inter-
esting feature apparent in Figs. 3b-3d is the behavior of the mean
velocity predicted in calculations with no subgrid model. Though
LES1, LESIR, and LES2, obtained using the dynamic model, are
in good agreement with measurements, the near-wall mean profiles
predicted in LES1no and LES2no, where no SGS model is used, are
much larger than the measured mean velocity. LES3 predictions of
the mean velocity using the approximate boundary condition (23)
are inaccurate, even though the dynamic model is still employed. In
addition, the predictions are somewhat worse than those obtained
in LES1no and LES2no. Figure 3 also shows that the v2— f model
accurately reproduces the distortion and relaxation of the mean ve-
locity distribution as the flow passes the bump. At the summit, the
RANS prediction of the mean flow has a maximum error less than
3% of the freestream velocity. At the trailing edge, RANS predic-
tions are accurate beyond 0.058y,, whereas along the trailing flat
plate (x/L. = 3/2) the prediction is also accurate, capturing the
rapid return to equilibrium in the mean flow.

LES predictions of the horizontal turbulence intensity are com-
pared with experiments in Fig. 4. At the summit, LES1, LESIR,
and LES2 all yield accurate predictions of i, . At the trailing
edge, LES2 predictions are still quite accurate; the peaks in LES1
and LESIR are slightly below the data. Over the trailing flat plate
(x/L. = 3/2), the maximum errors for LES1, LES1R, and LES2
are less than 10% of the peak fluctuation level. The results in Fig. 4
also show that the SGS model has a rather large effect on the
streamwise fluctuations. Without the dynamic model (LES1no and
LES2no), i, are significantly overpredicted. This is interesting
because, in calculations at moderate Reynolds numbers where the
near-wall flow is resolved rather than modeled, the effect of SGS
model is less significant.!! This is consistent with the finer reso-
lution needed in calculations that resolve near-wall structures, in
turn limiting the contribution of unresolved motions. In addition,
the perturbation applied to the flow in LES3 through use of in-
accurate approximate boundary conditions results in about a 20%
drop in the streamwise intensity. Also interesting is that the no-
model results in Fig. 4 show a greater sensitivity of the turbulence
fluctuations in the outer flow resolved by LES to errors in the wall-
layer models. LES2no predictions, in which the near-wall instan-
taneous velocity satisfies a power law, are substantially larger than
experimental measurements, compared to LES1no in which the wall
stress is specified using Eq. (21) and constrained by the mean wall
shear.

Predictions of the turbulence kinetic energy are compared with
the experimental measurements in Fig. 5. As shown in Fig. 5a,
results from the LES precomputation used to generate the inflow
condition (x /L, = 1/3) are in good agreement with the experimen-
tal measurements. At the bump summit, the LES correctly predicts
the knee in the profile of the kinetic energy (Fig. 5b), which results
from the development of an internal layer over the upstream convex
surface.!"''7 LESresultsatx/L. = 1/2 are below the data at 0.48y,,
whereas the RANS prediction yields larger kinetic energy between
0.18y, and 0.38y,. At the trailing edge, both the LES and RANS
predictions capture the outward shift in the peak turbulence kinetic
energy, which is typical in turbulent boundary layers experiencing
strong adverse pressure gradient.?>-%

In the near-wall region at x /L, = 1, LES2 predictions are accu-
rate, whereas LES1 and LES1R underpredict the peak value. The
peakin K is also overpredicted in RANS. Over the trailing flat plate
(x/L. = 3/2), LES1, LESIR, and LES2 accurately capture the

rapid return to equilibrium in the kinetic energy, whereas Fig. 5d
shows that K is overpredicted in the RANS calculation. Similar
to the streamwise intensity, turbulence kinetic energy profiles from
the LES3 prediction are lower than the experimental measurements.
Without the SGS model (LES1no and LES2no), the turbulence ki-
netic energy is not accurate, again demonstrating the significant role
of the model at higher Reynolds numbers. The relatively large dif-
ferences between LES1no and LES2no also show that errors in K
predicted in calculations without the SGS model reflect a stronger
coupling between the approximate boundary conditions and outer
LES using the unconstrained wall-layer model (22). This is con-
sistent with the discussion in Sec. IL.B that errors in prediction of
the near-wall LES velocity should have a larger adverse affect on
simulations performed using Eq. (22), as compared to Eq. (21).

Predictions of the turbulent normal stress (9”2 are compared to
those of Webster et al.'” in Fig. 6. Figure 6a shows that the wall-
normal fluctuations yielded from the LES precomputation used to
generate the inflow condition are in reasonable agreement with that
measured by Webster et al.!” but below the data, especially close to
the wall. One reason for the discrepancy is that the profile shown in
Fig. 6a is the resolved component of the normal stress, i.e., the sub-
grid contribution is not included. In addition, the underprediction
of the wall-normal fluctuations is typical in LES of wall-bounded
flows and due to the inability of the computation (both the grid and
subgrid model) to completely capture component anisotropy near
the wall. Figure 6b shows that, at the summit, LES1, LES1R, and
LES?2 predictions of the peak are smaller, whereas the RANS result
is larger than the measurements. The disagreement between RANS
predictions and measurements, however, should not be considered
so serious in this case because v? provides the velocity scale in the
v?—f model and may not necessarily be interpreted as the wall-
normal fluctuation, especially away from the wall. On the down-
stream side of the bump in the region of strong adverse pressure
gradient, there is a significant increase in the wall-normal fluctua-
tions near the wall. At x /L. = 1, simulations underpredict the peak
value. The lower values from the LES are again partly due to the in-
ability to completely capture the anisotropy close to the wall as well
as to fully resolve all of the energy content in the normal stresses.
Over the downstream surface, LES and RANS predictions of the re-
covery in the wall-normal fluctuations are in good agreement with
measurements. Figure 6 also shows that, for calculations without
the SGS model (LES1no and LES2no), predictions of the normal
stress (") are very poor and the model has an important role to
play. Similar to the streamwise fluctuations and turbulence kinetic
energy presented in Figs. 4 and 5, the wall-normal fluctuations in
Fig. 6 exhibit larger errors for LES2no, using the unconstrained ap-
proximate boundary condition, as compared to LES1no, using the
constrained formulation.

Profiles of the resolved turbulent shear stress from the LES are
compared with the experimental measurements in Fig. 7. Figure 7a
shows that the inflow profile matches the experimental data very
well. At the summit, LES1, LESIR, and LES2 accurately capture
the reduction in shear stress by convex curvature and the favor-
able pressure gradient. At the trailing edge, LES2 predictions of the
shear stress are accurate, but LES1 and LESIR underpredict the
peak value. Over the trailing flat plate at x/L. = 3/2, LES results
yield the location of the peak value, but the magnitude is over-
predicted in LES1 and LES2, though the overprediction in LES1
is rather small. Consistent with the streamwise intensity, turbulence
kinetic energy, and wall-normal fluctuations shown in Figs. 4-6, the
resolved shear stress in LES3, in which the wall stress is computed
from the very poor assumption that the near-wall flow is resolved,
is underpredicted compared with the experimental data. However,
the mismatch between LES and measurements in the second-order
statistics is substantially moderate compared with the discrepancy in
C shown in Fig. 2b. This again indicates that the outer LES for this
particular flow is indeed quite insensitive to the specific prescription
of the approximate boundary conditions. Without the SGS model,
LES1no and LES2no predictions of the shear stress are significantly
less accurate. Similar to the behavior of the turbulence intensities
from simulations with no subgrid model, the constrained LES1no
prediction of the shear stress exhibits a smaller error than the uncon-
strained LES2no (see Figs. 7b and 7¢). Also note that, even though
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the errors in Fig. 7d for LES2no are not significantly over the data
downstream of the trailing edge, locations of the maximum shear
stress are nevertheless missed.

IV. Summary

The performance of existing equilibrium-based approximate
boundary conditions has been studied through the application of
LES to the prediction of a well-defined, high-Reynolds-number,
complex turbulent flow. The boundary conditions are based on the
assumption that the instantaneous wall shear stress is correlated with
the velocity near the wall. In the constrained formulation, the instan-
taneous wall shear stress fluctuates according to the probability den-
sity function of the streamwise velocity component in the first layer
of LES grid points. The mean wall shear stress was supplied a pri-
ori using either the experimental measurements of Webster et al.!?
or a separate v?— f prediction. In the unconstrained approach, pre-
scription of the mean wall shear is not required. Instead, an explicit
algebraic correlation between the instantaneous wall shear and the
instantaneous velocity away from the wall is employed by fitting the
local and time-dependent, near-wall velocity profile to a power-law
profile.

Simulation results show that, together with the dynamic eddy
viscosity model, the LES yields reasonable predictions of the mean
velocity, streamwise turbulence intensity, and turbulent shear stress
in the region resolved by the LES. It is interesting that the predic-
tions obtained using the three diffefent prescriptions of the mean
wall shear stress in the approximate boundary conditions, i.e., one
distribution identical to the experiments, one from the v2—f cal-
culation that differs from the experiments, and a profile (from the
unconstrained formulation) that is in rather poor agreement with
the experiments, yield relatively accurate descriptions of the outer
flow. The insensitivity of LES predictions to the specific prescrip-
tion of the mean wall shear is in turn consistent with earlier studies
in similar flows showing that the boundary layer outside a thin in-
ner (equilibrium) region is driven by the outer irrotational flow and,
therefore, less affected by the shear stress.*

Simulation results obtained without the dynamic model show
large overpredictions of the second-order statistics compared to
measurements. Errors in calculations without the SGS model also
reflect a stronger coupling between the wall-layer model and outer
LES using the unconstrained boundary conditions in which the in-
stantaneous shear stress is obtained through a presumed (instanta-
neous) power-law velocity profile. More sophisticated approaches
that effectively constrain shear stress predictions, e.g., through in-
corporation of the mean stress, should be expected to be less sensitive
to modeling errors in the SGS fluctuations.
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